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Abstract
Let m, n be positive integers such that m > n, gcd(m,n) = 1 and m 6≡ n mod 2. In 1956, L.
Jes´manowicz [6] conjectured that the equation (m2 − n2)x + (2mn)y = (m2 + n2)z has only the positive
integer solution (x, y, z) = (2, 2, 2). This problem is not yet solved. In this paper, combining a lower
bound for linear forms in two logarithms due to M. Laurent [7] with some elementary methods, we prove
that if mn ≡ 2 mod 4 and m > 30.8n, then Jes´manowicz’ conjecture is true.
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1 Introduction
Let N be the set of positive integers. Let m, n be positive integers such that m > n, gcd(m,n) = 1 and
m 6≡ n mod 2. It is well known that the triple (m2 − n2, 2mn,m2 + n2) is a primitive Pythagorean triple
with (m2 − n2)2 + (2mn)2 = (m2 + n2)2. In 1956 L. Jes´manowicz [6] conjectured that the equation
(m2 − n2)x + (2mn)y = (m2 + n2)z , x, y, z ∈ N (1.1)
has only the solution (x, y, z) = (2, 2, 2). This problem is not solved yet.
For over twenty years, many papers have investigated Jes´manowicz’ conjecture for the case that mn ≡
2 mod 4. In this respect, Jes´manowicz’ conjecture is true in the following cases:
(i) (M.-H. Le [8]) mn ≡ 2 mod 4 and m2 + n2 is an odd prime power.
(ii) (Z.-F. Cao [1]) (m,n) ≡ (5, 2) mod 8.
(iii) (M.-J. Deng and D.-M. Huang [3]) mn ≡ (2, 3) mod 4 and either m+ n 6≡ 1 mod 16 or y > 1.
(iv) (M.-M. Ma and Y.-G. Chen [10]) mn ≡ 2 mod 4 and y > 1.
(v) (K. Takakuwa and Y. Asaeda [14]) m ≡ 2 mod 4, n = 3 and m satisfies some conditions.
(vi) (Y.-D. Guo and M.-H. Le [4]) m ≡ 2 mod 4, n = 3 and m > 6000.
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(vii) (K. Takakuwa [13]) m ≡ 2 mod 4 and n ∈ {3, 7, 11, 15}.
(viii) (N. Terai [15]) n = 2.
(ix) (M.-J. Deng and J. Guo [2]) n ≡ 2 mod 4 and n < 600.
(x) (M.-H. Le [9]) (m,n) ≡ (2, 3) mod 4 and m > 81n.
(xi) (T. Miyazaki and N. Terai [11]) n ≡ 2 mod 4, m > 72n and the divisors of n satisfy some conditions.
(xii) (P.-Z. Yuan and Q. Han [16])mn ≡ 2 mod 4, m > 72n and the divisors ofm, n satisfy some conditions.
In this paper, combining a lower bound for linear forms in two logarithms due to M. Laurent [7] with
some elementary methods, we improve the results of [9], [11] and [16] as follows:
Theorem 1.1. If mn ≡ 2 mod 4 and m > 30.8n, then Jes´manowicz’ conjecture is true.
2 Preliminaries
Lemma 2.1 ([2]). If n ≡ 2 mod 4 and n < 600 then Jes´manowicz’ conjecture is true.
Lemma 2.2 (Corollary 1.1 of [16]). If m ≡ 2 mod 4, n 6≡ 1 mod 8 and n < 85, then Jes´manowicz’ conjecture
is true.
Lemma 2.3 ([5]). If mn ≡ 2 mod 4 and m+n has a prime divisor p with p 6≡ 1 mod 16, then Jes´manowicz’
conjecture is true.
Lemma 2.4. If mn ≡ 2 mod 4, m > 30.8n and (1.1) has a solution (x, y, z) 6= (2, 2, 2), then m2 + n2 >
m2 − n2 ≥ 2704.
Proof. By Lemma 2.3, if mn ≡ 2 mod 4 and (1.1) has a solution (x, y, z) with (x, y, z) 6= (2, 2, 2), then every
prime divisor p of m + n satisfies p ≡ 1 mod 16. This implies that m + n ≡ 1 mod 16. Hence, we have
m+ n ≡ 1 mod 4 and (m,n) ≡ (2, 3) or (3, 2) mod 4. Therefore, if m ≡ 2 mod 4, then n ≡ 3 mod 4 and
n ≥ 85. (2.1)
Similarly, by Lemma 2.1, (2.1) holds if n ≡ 2 mod 4. Thus, since m > 30.8n, we get from (2.1) that
m2 + n2 > m2 − n2 ≥ m+ n > 31.8n ≥ 31.8× 85 = 2703. (2.2)
Lemma 2.5 ([15]). If m2 + n2 ≡ 1 mod 2mn, then Jes´manowicz’ conjecture is true.
Lemma 2.6 ([10]). If mn ≡ 2 mod 4 and (1.1) has a solution (x, y, z) with (x, y, z) 6= (2, 2, 2), then the
solution satisfies x ≡ 0 mod 2, y = 1 and z ≡ 1 mod 2.
Lemma 2.7. Let a1, a2, b1, b2 be positive integers such that min{a1, a2} > 1 and gcd(a1, a2) = 1. Further
let Λ = b1 log(a1)− b2 log(a2). Let ρ and µ be real numbers with ρ > 1 and 1/3 ≤ µ ≤ 1. Further let
δ =
1
2
(1 + 2µ− µ2), λ = δ log(ρ). (2.3)
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Then
log |Λ| ≥ −CA1A2B2 −
√
ωθB − log(C′A1A2B2), (2.4)
where
Aj ≥ max{1, (ρ+ 1) log(aj)}, A1A2 ≥ λ2, j = 1, 2, (2.5)
B ≥ log(ρ) + max
{
log(2)
2
, λ, 1.81 + log(λ) + log
(
b1
A2
+
b2
A1
)}
, (2.6)
ω = 2 + 2
(
1 +
1
4H2
)1/2
, θ =
1
2H
+
(
1 +
1
4H2
)1/2
, H =
B
λ
, (2.7)
C =
C0µ
λ3δ
, C′ =
√
C0ωθ
λ3
, (2.8)
C0 =
(
ω
6
+
1
2
(
ω2
9
+
8λω5/4θ1/4
3
√
A1A2H
+
4
3
(
1
A1
+
1
A2
)
λω
H
)1/2)2
. (2.9)
Proof. This lemma is the special case of Theorem 2 of [7] for γ1 and γ2 coprime positive integers.
Lemma 2.8. Under the assumptions of Lemma 2.7, if min{a1, a2} ≥ 2704 and b1/A2 > b2/A1 > 240, then
log |Λ| > −14.8365 log(a1) log(a2)
(
1.8248 + log
(
b1
log(a2)
+
b2
log(a1)
))2
. (2, .10)
Proof. By Lemma 2.7, we may choose parameters
ρ = e1.575, µ =
1
3
. (2.11)
By (2.3) and (2.11), we have
δ =
7
9
, λ = 1.225. (2.12)
Since min{a1, a2} > 2703, by (2.5), (2.11) and (2.12), we can set
Aj = 5.8314 log(aj), j = 1, 2. (2.13)
Hence, by (2.13), we have
Aj > 46.0803, j = 1, 2. (2.14)
By (2.6), (2.11) and (2.12), we can set
B = 3.5880 + log
(
b1
A2
+
b2
A1
)
. (2.15)
Since b1/A2 > b2/A1 > 240, by (2.15) and (2.7), we have
B > 9.7617 (2.16)
and
H > 7.9688. (2.17)
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Therefore, by (2.7) and (2.17), we get
ω < 4.0040, θ < 1.0648. (2.18)
Further, by (2.9), (2.12), (2.14), (2.17) and (2.18), we have
C0 < 1.8706, (2.19)
and by (2.8), we get
C < 0.4361, C′ < 2.0829. (2.20)
From (2.4) and (2.20), we have
log |Λ| > −
(
0.4361 +
√
ωθ
A1A2B
+
log(2.0829A1A2B
2)
A1A2B2
)
A1A2B
2. (2.21)
By (2.14), (2.16) and (2.18), we get √
ωθ
A1A2B
< 1.0026× 10−4. (2.22)
Since f(t) = log(t)/t is a decreasing function for t > e, by (2.14) and (2.16), we have
log(2.0829A1A2B
2)
A1A2B2
<
log(2.0829× 46.08032× 9.76172)
46.08032 × 9.76172 < 0.6401× 10
−4. (2.23)
Thus, by (2.13), (2.15), (2.21), (2.22) and (2.23), we obtain
log |Λ| > −0.4363A1A2B2 > −14.8365 log(a1) log(a2)
(
1.8248 + log
(
b1
log(a2)
+
b2
log(a1)
))2
. (2.24)
The lemma is proved.
3 Proof of Theorem
We mow assume that mn ≡ 2 mod 4, m > 30.8n and (1.1) has a solution (x, y, z) with (x, y, z) 6= (2, 2, 2).
By Lemma 2.6, the solution (x, y, z) satisfies
(m2 − n2)x + 2mn = (m2 + n2)z , x, z ∈ N, x ≡ 0 mod 2, z ≡ 1 mod 2. (3.1)
By Lemma 2.4, m2 + n2 and m2 − n2 satisfy (2.2). Since x ≡ 0 mod 2, if x ≤ z then from (3.1) we get
2mn = (m2 + n2)z − (m2 − n2)x ≥ (m2 + n2)x − (m2 − n2)x ≥ (m2 + n2)2 − (m2 − n2)2 = (2mn)2 > 2mn,
a contradiction. Therefore, we have
x > z (3.2)
and x− z an odd integer.
Since x ≡ 0 mod 2 and (m2−n2)2 ≡ (m2+n2)2 mod (2mn), we have (m2−n2)x ≡ (m2+n2)x mod (2mn).
Further, since gcd(2mn,m2 + n2) = 1, by (3.1) and (3.2), we get
(m2 + n2)x−z ≡ 1 mod (2mn). (3.3)
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Hence, by Lemma 2.5, we see from (3.3) that the case x− z = 1 can be removed. So we have
x− z ≥ 3. (3.4)
Let k = m/n. By (3.1) and (3.4), we have
(m2 − n2)3 ≤ (m2 − n2)x−z <
(
m2 + n2
m2 − n2
)z
=
(
1 +
2
k2 − 1
)z
. (3.5)
Notice that log(1 + t) < t for any t > 0. By (3.5), we get
3 log(m2 − n2) < 2z
k2 − 1 . (3.6)
Since k > 30.8, we see from (3.6) that
z
log(m2 − n2) >
3
2
(k2 − 1) > 1421.46. (3.7)
On the other hand, by (3.1), we have
z log(m2 + n2) = log((m2 − n2)x + 2mn) = log((m2 − n2)x)+
log
(
1 +
2mn
(m2 − n2)x
)
< x log(m2 − n2) + 2mn
(m2 − n2)x .
(3.8)
Let (a1, a2, b1, b2) = (m
2 + n2,m2 − n2, z, x) and Λ = z log(m2 + n2)− x log(m2 − n2). By (3.8), we have
0 < Λ <
2mn
(m2 − n2)x . (3.9)
Further, since (m2−n2)x > (m2−n2)2 ≥ (m+n)2 > 2mn, we see from (3.1) that 2(m2−n2)x > (m2+n2)z .
Hence, by (3.9), we get
0 < Λ <
4mn
(m2 + n2)z
, (3.10)
whence we obtain
log(4mn)− log |Λ| > z log(m2 + n2). (3.11)
Since x ≥ 4, by (2.2), (3.7) and (3.8), we have
z
log(m2 − n2) >
x
log(m2 + n2)
>
z
log(m2 − n2) −
2mn
(m2 − n2)x log(m2 + n2)
1
log(m2 − n2)
>
z
log(m2 − n2) −
1
(m+ n)2(log(m+ n))2
> 1421.46− 5× 10−8,
(3.12)
whence we get
z
5.8314 log(m2 − n2) >
x
5.8314 log(m2 + n2)
> 240. (3.13)
Therefore, by Lemma 2.8, we see from (2.2) and (3.13) that
log |Λ| > −14.8365 log(m2 + n2) log(m2 − n2)
(
1.8248 + log
(
z
log(m2 − n2) +
x
log(m2 + n2)
))2
. (3.14)
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Substituting (3.14) into (3.11), by (3.13), we have
log(4mn)
log(m2 + n2) log(m2 − n2) + 14.8365
(
1.8248 + log
(
2z
log(m2 − n2)
))2
>
z
log(m2 − n2) . (3.15)
Since m2 + n2 > 2mn and m2 − n2 ≥ m+ n, by (2.2), we have
log(4mn)
log(m2 + n2) log(m2 − n2) <
1
log(m+ n)
(
log(2)
log(m+ n)
+ 1
)
< 0.1266. (3.16)
Hence, by (3.15) and (3.16), we get
0.1266 + 14.8365
(
1.8248 + log
(
2z
log(m2 − n2)
))2
>
z
log(m2 − n2) . (3.17)
Let f(t) = t− 0.1266− 14.8365(1.8248+ log(2t))2. We see from (3.17) that
f
(
z
log(m2 − n2)
)
< 0. (3.18)
Since f ′(t) = 1 − 29.6730(1.8248 + log(2t))/t and f ′(t) > 0 for t > 250, where f ′(t) is the derivative of
f(t), we have f(t) > f(1420) > 0 for t > 1420. Therefore, by (3.18), we get z/ log(m2 − n2) < 1420, which
contradicts (3.7). Thus, if mn ≡ 2 mod 4 and m > 30.8n, then (1.1) has only the solution (x, y, z) = (2, 2, 2).
The theorem is proved.
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